In this paper, first we introduce the notion of a phase space of a 3-Lie algebra and show that a 3-Lie algebra has a phase space if and only if it is sub-adjacent to a 3-pre-Lie algebra. Then we introduce the notion of a product structure on a 3-Lie algebra using the Nijenhuis condition as the integrability condition. A 3-Lie algebra enjoys a product structure if and only if it is the direct sum (as vector spaces) of two subalgebras. We find that there are four types special integrability conditions, and each of them gives rise to a special decomposition of the original 3-Lie algebra. They are also related to O-operators, Rota-Baxter operators and matched pairs of 3-Lie algebras. Parallelly, we introduce the notion of a complex structure on a 3-Lie algebra and there are also four types special integrability conditions. Finally, we add compatibility conditions between a complex structure and a product structure, between a symplectic structure and a paracomplex structure, between a symplectic structure and a complex structure, to introduce the notions of a complex product structure, a para-Kähler structure and a pseudo-Kähler structure on a 3-Lie algebra. We use 3-pre-Lie algebras to construct these structures. Furthermore, a Levi-Civita product is introduced associated to a pseudo-Riemannian 3-Lie algebra and deeply studied.
Introduction
eigenspaces corresponding to eigenvalues ±1 of an almost product structure E. Then it is obvious that g = g + ⊕ g − as vector spaces. The Nijenhuis condition ensures that both g + and g − are subalgebras. This is what "integrability" means. Moreover, we find that there are four types special integrability conditions, which are called strict product structure, abelian product structure, strong abelian product structure and perfect product structure respectively, each of them gives rise to a special decomposition of the original 3-Lie algebra. See ⊂ g + It is surprised that a strong abelian product structure is also an O-operator on a 3-Lie algebra associated to the adjoint representation. Since an O-operator on a 3-Lie algebra associated to the adjoint representation is also a Rota-Baxter operator [10, 34] , it turns out that involutive Rota-Baxter operator can also serve as an integrability condition. This is totally different from the case of Lie algebras. Furthermore, by the definition of a perfect product structure, an involutive automorphism of a 3-Lie algebra can also serve as an integrability condition. This is also a new phenomenon. Note that the decomposition that a perfect product structure gives is exactly the condition required in the definition of a matched pair of 3-Lie algebras [11] . Thus, this kind of product structure will be frequently used in our studies.
An almost complex structure on a 3-Lie algebra g is defined to be a linear map J : g −→ g satisfying J 2 = −Id. With the above motivation, we define a complex structure on a 3-Lie algebra g to be an almost complex structure satisfying the Nijenhuis condition. Then g i and g −i , which are eigenspaces of eigenvalues ±i of a complex linear map J C (the complexification of J) are subalgebras of the 3-Lie algebra g C , the complexification of g. Parallel to the case of product structures, there are also four types special integrability conditions, and each of them gives rise to a special decompo- 
Then we add a compatibility condition between a complex structure and a product structure on a 3-Lie algebra to define a complex product structure on a 3-Lie algebra. We give an equivalent characterization of a complex product structure on a 3-Lie algebra g using the decomposition of g. We add a compatibility condition between a symplectic structure and a paracomplex structure on a 3-Lie algebra to define a paraKähler structure on a 3-Lie algebra. An equivalent characterization of a paraKähler structure on a 3-Lie algebra g is also given using the decomposition of g. Associated to a paraKähler structure on a 3-Lie algebra, there is also a pseudo-Riemannian structure. We introduce the notion of a Livi-Civita product associated to a pseudo-Riemannian 3-Lie algebra, and give its precise formulas. Finally, we add a compatibility condition between a symplectic structure and a complex structure on a 3-Lie algebra to define a pseudo-Kähler structure on a 3-Lie algebra. The relation between a paraKähler structure and a pseudo-Kähler structure on a 3-Lie algebra is investigated. We construct complex product structures, paraKähler structures and pseudoKähler structures in terms of 3-pre-Lie algebras. We also give examples of symplectic structures, product structures, complex structures, complex product structure, paraKähler structures and pseudo-Kähler structures on the 4-dimensional Euclidean 3-Lie algebra A 4 given in [6] .
The paper is organized as follows. In Section 2, we recall Nijenhuis operators on 3-Lie algebras and 3-pre-Lie algebras. In Section 3, we study representations of 3-pre-Lie algebras. In Section 4, we introduce the notion of a phase space of a 3-Lie algebra and show that a 3-Lie algebra has a phase space if and only if it is sub-adjacent to a 3-pre-Lie algebra. We also introduce the notion of a Manin triple of 3-pre-Lie algebras and study its relation with phase spaces of 3-Lie algebras. In Section 5, we introduce the notion of a product structure on a 3-Lie algebra and give four special integrability conditions. In Section 6, we introduce the notion of a complex structure on a 3-Lie algebra and give four special integrability conditions. In Section 7, we introduce the notion of a complex product structure on a 3-Lie algebra and give its equivalent characterization. In Section 8, we introduce the notion of a paraKähler structure on a 3-Lie algebra and give its equivalent characterization. Moreover, we give a detailed study on the associated Levi-Civita product. In Section 9, we introduce the notion of a pseudo-Kähler structure on a 3-Lie algebra and study the relation with a paraKähler structure.
In this paper, we work over the real field R and the complex field C and all the vector spaces are finite-dimensional.
Then (1) is equivalent to that ad x,y is a derivation, i.e. 
Then we define 3-ary bracket [·, ·, ·]
Nijenhuis operator if the following Nijenhuis condition is satisfied:
More precisely, a linear map
) is a Nijenhuis operator if and only if
) be a 3-Lie algebra. The linear map ad : ∧ 2 g −→ gl(g) defines a representation of the 3-Lie algebra g on itself, which we call the adjoint representation of g.
Let A be a vector space. For a linear map φ : A ⊗ A → gl(V ), we define a linear map
Lemma 2.5. 
for all
We denote this semidirect product 3-Lie algebra by g ⋉ ρ V. 
where x, y, z, Define the left multiplication L :
is a representation of the 3-Lie algebra A c . Moreover, we define the right multiplication R :
If there is a 3-pre-Lie algebra structure on its dual space A * , we denote the left multiplication and right multiplication by L and R respectively. 
Representations of 3-pre-Lie algebras
In this section, we introduce the notion of a representation of a 3-pre-Lie algebra, construct the corresponding semidirect product 3-pre-Lie algebra and give the dual representation. 
Let (A, {·, ·, ·}) be a 3-pre-Lie algebra and ρ a representation of the sub-adjacent 3-Lie algebra (A c , [·, ·, ·] C ) on the vector space V . Then (ρ, 0) is a representation of the 3-pre-Lie algebra (A, {·, ·, ·}) on the vector space V . It is obvious that (L, R) is a representation of a 3-pre-Lie algebra on itself, which is called the regular representation.
Let (V, ρ, µ) be a representation of a 3-pre-Lie algebra (A, {·, ·, ·}). Define a trilinear bracket operation {·, ·, ·} ρ,µ :
By straightforward computations, we have This 3-pre-Lie algebra is called the semidirect product of the 3-pre-Lie algebra (A, {·, ·, ·}) and (V, ρ, µ), and denoted by A ⋉ ρ,µ V .
Let V be a vector space. Define the switching operator τ : Proof. By Theorem 3.2, we have the semidirect product 3-pre-Lie algebra A ⋉ ρ,µ V . Consider its sub-adjacent 3-Lie algebra structure [·, ·, ·] C , we have 
and the corresponding semidirect product 3-Lie algebra is A c ⋉ L * A * , which is the key object when we construct phase spaces of 3-Lie algebras in the next section.
Symplectic structures and phase spaces of 3-Lie algebras
In this section, we introduce the notion of a phase space of a 3-Lie algebra and show that a 3-Lie algebra has a phase space if and only if it is sub-adjacent to a 3-pre-Lie algebra. Moreover, we introduce the notion of a Manin triple of 3-pre-Lie algebras and show that there is a one-toone correspondence between Manin triples of 3-pre-Lie algebras and perfect phase spaces of 3-Lie algebras. 
A quadratic 3-pre-Lie algebra is a 3-pre-Lie algebra (A, {·, ·, ·}) equipped with a nondegenerate skew-symmetric bilinear form ω ∈ ∧ 2 A * such that the following invariant condition holds:
Proposition 4.3 tells us that quadratic 3-pre-Lie algebras are the underlying structures of symplectic 3-Lie algebras. Let V be a vector space and V * = Hom(V, R) its dual space. Then there is a natural nondegenerate skew-symmetric bilinear form ω on T * V = V ⊕ V * given by:
) be a 3-Lie algebra and h * its dual space.
• If there is a 3-Lie algebra structure [·, ·, ·] on the direct sum vector space
is a symplectic 3-Lie algebra, where ω given by (22) , and
• 
3-pre-Lie algebras play important role in the study of phase spaces of 3-Lie algebras. Proof. Let (A, {·, ·, ·}) be a 3-pre-Lie algebra. By Proposition 2.8, the left multiplication L is a representation of the sub-adjacent 3-Lie algebra A c on A. By Lemma 2.5, L * is a representation of the sub-adjacent 3-Lie algebra A c on A * . Thus, we have the semidirect product 3-Lie algebra
is a symplectic 3-Lie algebra, which is a phase space of the sub-adjacent 3-Lie algebra (
Similarly, we have
. By Proposition 4.3, there exists a compatible 3-pre-Lie algebra structure {·, ·, ·} on T * h given by (20) .
Thus, {x, y, z} ∈ h, which implies that (h, {·, ·, ·}| h ) is a subalgebra of the 3-pre-Lie algebra
) and (h ⊕ h * , {·, ·, ·}) the associated 3-pre-Lie algebra. Then both (h, {·, ·, ·}| h ) and (h * , {·, ·, ·}| h * ) are subalgebras of the 3-pre-Lie algebra (h ⊕ h * , {·, ·, ·}).
defines a 3-pre-Lie algebra structure on h.
Proof. For all x, y, z ∈ h and α ∈ h * , we have
Therefore, {x, y, z} = ρ(x, y)z.
Example 4.8. Let (A, {·, ·, ·} A ) be a 3-pre-Lie algebra. Since there is a semidirect product 3-pre-
This process can be continued indefinitely. Hence, there exist a series of phase spaces {A (n) } n≥2 :
At the end of this section, we introduce the notion of a Manin triple of 3-pre-Lie algebras.
Definition 4.9.
A Manin triple of 3-pre-Lie algebras is a triple (A; A, A ′ ), where
is a quadratic 3-pre-Lie algebra;
• both A and A ′ are isotropic subalgebras of (A, {·, ·, ·});
• for all x, y ∈ A and α, β ∈ A ′ , there holds:
In a Manin triple of 3-pre-Lie algebras, since the skewsymmetric bilinear form ω is nondegenerate, A ′ can be identified with
Thus, A is isomorphic to A ⊕ A * naturally and the bilinear form ω is exactly given by (22) . By the invariant condition (21), we can obtain the precise form of the 3-pre-Lie structure {·, ·, ·} on A ⊕ A * .
Proposition 4.10. Let (A ⊕ A * ; A, A * ) be a Manin triple of 3-pre-Lie algebras, where the nondegenerate skewsymmetric bilinear form ω on the 3-pre-Lie algebra is given by (22) . Then we have
Proof. For all x, y, z ∈ A, α ∈ A * , we have
which implies that (25) holds. We have
which implies that (26) holds. Similarly, we can deduce that (27) and (28) hold.
Theorem 4.11. There is a one-to-one correspondence between Manin triples of 3-pre-Lie algebras and perfect phase spaces of 3-Lie algebras. More precisely, if
is a symplectic 3-Lie algebra, where ω is given by (22) .
is a Manin triple of 3-pre-Lie algebras, where the 3-pre-Lie algebra structure on h⊕h * is given by (20) .
Proof. Let (A⊕A * ; A, A * ) be a Manin triple of 3-pre-Lie algebras. Denote by {·, ·, ·} A and {·, ·, ·} A * the 3-pre-Lie algebra structure on A and A * respectively, and denote by [·, ·, ·] A and [·, ·, ·] A * the corresponding sub-adjacent 3-Lie algebra structure on A and A * respectively. By Proposition 4.10, it is straightforward to deduce that the corresponding 3-Lie algebra structure [·,
For all
. By Proposition 4.3, there exists a 3-pre-Lie algebra structure {·, ·, ·} on h ⊕ h * given by (20) such that (h ⊕ h * , {·, ·, ·}, ω) is a quadratic 3-pre-Lie algebra. By Corollary 4.6, (h, {·, ·, ·}| h ) and (h * , {·, ·, ·}| h * ) are 3-pre-Lie subalgebras of (h ⊕ h * , {·, ·, ·}). It is obvious that both h and h * are isotropic. Thus, we only need to show that (24) holds. By (23) , for all x 1 , x 2 ∈ h and α 1 , α 2 ∈ h * , we have 
Product structures on 3-Lie algebras
In this section, we introduce the notion of a product structure on a 3-Lie algebra using the Nijenhuis condition as the integrability condition. We find four special integrability conditions, each of them gives a special decomposition of the original 3-Lie algebra. At the end of this section, we introduce the notion of a (perfect) paracomplex structure on a 3-Lie algebra and give examples.
An almost product structure is called a product structure if the following integrability condition is satisfied:
Remark 5.2. One can understand a product structure on a 3-Lie algebra as a Nijenhuis operator E on a 3-Lie algebra satisfying E 2 = Id.
) has a product structure if and only if g admits a decomposition:
where g + and g − are subalgebras of g.
Proof.
Let E be a product structure on g. By E 2 = Id , we have g = g + ⊕ g − , where g + and g − are the eigenspaces of g associated to the eigenvalues ±1. For all x 1 , x 2 , x 3 ∈ g + , we have
Thus, we have [x 1 , x 2 , x 3 ] g ∈ g + , which implies that g + is a subalgebra. Similarly, we can show that g − is a subalgebra.
Conversely, we define a linear endomorphism E : g → g by
Obviously we have E 2 = Id. Since g + is a subalgebra of g, for all x 1 , x 2 , x 3 ∈ g + , we have
which implies that (30) holds for all x 1 , x 2 , x 3 ∈ g + . Similarly, we can show that (30) holds for all x, y, z ∈ g. Therefore, E is a product structure on g.
then E is a product structure on g such that
Proof. By (33) and
Thus, E is a product structure on g. For all x 1 , x 2 ∈ g + , α 1 ∈ g − , on one hand we have
On the other hand, we have
The proof is finished. 
where g + and g − are subalgebras of g such that
Proof. We leave the details to readers.
Lemma 5.7. Let E be an almost product structure on a 3-Lie algebra (g, [·, ·, ·] g ). If E satisfies the following equation
then E is a product structure on g.
By (34) 
Thus, E is a product structure on g. 
where g + and g − are abelian subalgebras of g.
Let E be an abelian product structure on g. For all x 1 , x 2 , x 3 ∈ g + , we have
Thus, both g + and g − are abelian subalgebras.
Conversely, define a linear endomorphism E : g → g by (32) . Then it is straightforward to deduce that E is an abelian product structure on g. Lemma 5.10. Let E be an almost product structure on a 3-Lie algebra (g, [·, ·, ·] g ). If E satisfies the following equation
then E is an abelian product structure on g such that
Proof. By (35) and E 2 = Id, we have
Thus, we obtain that E is a product structure on g. For all x 1 , x 2 , x 3 ∈ g + , by (35) , we have
Thus, we obtain [g + , g + ,
By Corollary 5.9, E is an abelian product structure on g. Moreover, for all x 1 , x 2 ∈ g + , α 1 ∈ g − , we have 
where g + and g − are abelian subalgebras of g such that
Remark 5.13. Let E be a strong abelian product structure on a 3-Lie algebra
It turns out ν + and ν − are generalized representations of abelian 3-Lie algebras g + and g − on g − and g + respectively. See [30] for more details about generalized representations of 3-Lie algebras.
More surprisingly, a strong abelian product structure is an O-operator as well as a Rota-Baxter operator [10, 34] . Thus, some O-operators and Rota-Baxter operators on 3-Lie algebras can serve as integrability conditions. Proposition 5.14. Let E be an almost product structure on a 3-Lie algebra (g, [·, ·, ·] g ). Then E is a strong abelian structure on g if and only if E is an O-operator associated to the adjoint representation (g, ad). Furthermore, there exists a compatible 3-pre-Lie algebra (g, {·, ·, ·}) on the 3-Lie algebra (g, [·, ·, ·] g ), here the 3-pre-Lie algebra structure on g is given by
Proof. By (35) There is a new phenomenon that an involutive automorphism of a 3-Lie algebra also serves as an integrability condition.
Lemma 5.15. Let E be an almost product structure on a 3-Lie algebra (g, [·, ·, ·] g ). If E satisfies the following equation
Proof. By (37) and E 2 = Id, we have
Thus, E is a product structure on g. Moreover, for all 
Corollary 5.18.
A strict product structure on a 3-Lie algebra is a perfect product structure. 
Proof. It is obvious that 
Complex structures on 3-Lie algebras
In this section, we introduce the notion of a complex structure on a real 3-Lie algebra using the Nijenhuis condition as the integrability condition. Parallel to the case of product structures, we also find four special integrability conditions. 
1).
Consider g C = g ⊗ R C ∼ = {x + iy|x, y ∈ g}, the complexification of the real Lie algebra g, which turns out to be a complex 3-Lie algebra by extending the 3-Lie bracket on g complex trilinearly, and we denote it by (g C , [·, ·, ·] g C ). We have an equivalent description of the integrability condition given in Definition 6.1. We denote by σ the conjugation in g C with respect to the real form g, that is, σ(x + iy) = x − iy, x, y ∈ g. Then, σ is a complex antilinear, involutive automorphism of the complex vector space g C .
Theorem 6.4. Let (g, [·, ·, ·] g ) be a real 3-Lie algebra. Then g has a complex structure if and only if g C admits a decomposition:
where q and p = σ(q) are complex subalgebras of g C .
Proof. We extend the complex structure J complex linearly, which is denoted by J C , i.e. J C :
Then J C is a complex linear endomorphism on g C satisfying J 2 C = −Id and the integrability condition (40) on g C . Denote by g ±i the corresponding eigenspaces of g C associated to the eigenvalues ±i and there holds:
It is straightforward to see that g i = {x − iJx|x ∈ g} and g −i = {x + iJx|x ∈ g}. Therefore, we have
For all X, Y, Z ∈ g i , we have
Thus, we have [X, Y, Z] g C ∈ g i , which implies that g i is a subalgebra. Similarly, we can show that g −i is also a subalgebra. Conversely, we define a complex linear endomorphism J C : g C → g C by
Since σ is a complex antilinear, involutive automorphism of g C , we have
Since q is a subalgebra of g C , for all X, Y, Z ∈ q, we have
which implies that J C satisfies (40) for all X, Y, Z ∈ q. Similarly, we can show that J C satisfies (40) for all X , Y, Z ∈ g C . Since g C = q ⊕ p, we can write X ∈ g C as X = X + σ(Y ), for some X, Y ∈ q. Since σ is a complex antilinear, involutive automorphism of g C , we have
Moreover, since σ(X ) = X is equivalent to X ∈ g, we deduce that the set of fixed points of σ is the real vector space g.
Follows from that J C satisfies (40) and J 2 C = −Id on g C , J is a complex structure on g. Lemma 6.5. Let J be an almost complex structure on a real 3-Lie algebra (g, [·,
then J is a complex structure on (g, [·, ·, ·] g ).
Proof. By (44) and J 2 = −Id, we have
Thus, we obtain that J is a complex structure on g. 
where q and p = σ(q) are complex subalgebras of g C such that [q, q, p] g C = 0 and [p, p, q] g C = 0, i.e. g C is a 3-Lie algebra direct sum of q and p.
Proof. Let J be a strict complex structure on a real 3-Lie algebra (g, [·, ·, ·] g ). Then, J C is a strict complex structure on the complex 3-Lie algebra (g C , [·, ·, ·] g C ). For all X, Y ∈ g i and σ(Z) ∈ g −i , on one hand we have
Conversely, define a complex linear endomorphism J C : g C → g C by (43). Then it is straightforward to deduce that J 2 C = −Id. Since q is a subalgebra of g C , for all X, Y, Z ∈ q, we have
which implies that J C satisfies (44) for all X, Y, Z ∈ q. Similarly, we can show that J C satisfies (44) for all X , Y, Z ∈ g C . By the proof of Theorem 6.4, we obtain that J J C | g is a strict complex structure on the real 3-Lie algebra (g, [·, ·, ·] g ). The proof is finished.
Let J be an almost complex structure on a real 3-Lie algebra (g, [·, ·, ·] g ). We can define a complex vector space structure on the real vector space g by
Define two maps ϕ : g → g i and ψ : g → g −i as following:
It is straightforward to deduce that ϕ is complex linear isomorphism and ψ = σ • ϕ is a complex antilinear isomorphism between complex vector spaces. Let J be a strict complex structure on a real 3-Lie algebra (g, [·, ·, ·] g ). Then with the complex vector space structure defined above, (g, [·, ·, ·] g ) is a complex 3-Lie algebra. In fact, the fact that the 3-Lie bracket is complex trilinear follows from
using (44) and (46). 
Thus, we have [
Since J is a complex structure, g i is a 3-Lie subalgebra. Therefore, (g, [·, ·, ·] J ) is a real 3-Lie algebra.
By (40), for all x, y, z ∈ g, we have
which implies that J is a strict complex structure on (g, [·, ·, ·] J ). By (48), ϕ is a complex 3-Lie algebra isomorphism. The proof is finished. 
Proof.
If J is a strict complex structure on (g, [·,
Then by the integrability condition of J, we obtain 
where q and p = σ(q) are complex abelian subalgebras of g C .
Proof. Let J be an abelian complex structure on g. By Proposition 6.8, we obtain that ϕ is a complex 3-Lie algebra isomorphism from (g, [·,
is an abelian 3-Lie algebra. Therefore, q = g i is an abelian subalgebra of g C . Since
Thus, p is an abelian subalgebra of g C . Conversely, by Theorem 6.4, there is a complex structure J on g. Moreover, by Proposition 6.8, we have a complex 3-Lie algebra isomorphism ϕ from (g, [·,
is an abelian 3-Lie algebra. By the definition of [·, ·, ·] J , we obtain that J is an abelian complex structure on g. The proof is finished. Lemma 6.14. Let J be an almost complex structure on a real 3-Lie algebra (g, [·, ·, ·] g ). If J satisfies the following equation
then J is a complex structure on g.
Proof. By (50) and J 2 = −Id, we have
Thus, J is a complex structure on g. 
where q and p = σ(q) are abelian complex subalgebras of
Parallel to the case of strong abelian product structures on a 3-Lie algebra, strong abelian complex structures on a 3-Lie algebra are also O-operators associated to the adjoint representation. 
Proof. By (52) and J 2 = Id, we have
where q and 
Complex product structures on 3-Lie algebras
In this section, we add a compatibility condition between a complex structure and a product structure on a 3-Lie algebra to introduce the notion of a complex product structure. We construct complex product structures using 3-pre-Lie algebras. First we illustrate the relation between a complex structure and a product structure on a complex 3-Lie algebra.
) be a complex 3-Lie algebra. Then E is a product structure on g if and only if J = iE is a complex structure on g.
Proof.
Let E be a product structure on g. We have J 2 = i 2 E 2 = −Id. Thus, J is an almost complex structure on g. Since E satisfies the integrability condition (30), we have
Thus, J is a complex structure on the complex 3-Lie algebra g. The converse part can be proved similarly and we omit details. On the other hand, it is obvious that J C is a complex structure on g C . By Proposition 7.1, −iJ C a product structure on the complex 3-Lie algebra (
It is straightforward to see that g i and g −i are eigenspaces of −iJ C corresponding to +1 and −1. Thus, −iJ C is a paracomplex structure.
) be a real 3-Lie algebra. A complex product structure on the 3-Lie algebra g is a pair {J, E} of a complex structure J and a product structure E satisfying
If E is perfect, we call {J, E} a perfect complex product structure on g. We give a characterization of a perfect complex product structure on a 3-Lie algebra. 
Proof. Let {J, E} be a perfect complex product structure on g. Define a linear isomorphism φ : g + → g − by φ J| g+ : g + → g − . By the compatibility condition (40) that the complex structure J satisfies and the coherence condition (38) that a perfect product structure E satisfies, we deduce that (54) holds.
Conversely, we define an endomorphism J of g by
It is obvious that J is an almost complex structure on g and
By (54) and (38), we have
which implies that (40) holds for all α, β, γ ∈ g − . Similarly, we can deduce that (40) holds for all the other cases. Thus, J is a complex structure and {J, E} is a perfect complex product structure on the 3-Lie algebra g.
At the end of this section, we construct perfect complex product structure using 3-pre-Lie algebras.
A nondegenerate symmetric bilinear form B ∈ A * ⊗ A * on a real 3-pre-Lie algebra (A, {·, ·, ·}) is called invariant if
Then B induces a linear isomorphism
Proposition 7.8. Let (A, {·, ·, ·}) be a real 3-pre-Lie algebra with a nondegenerate symmetric bilinear from B. Then there is a perfect complex product structure {J, E} on the semidirect product 3-Lie algebra A c ⋉ L * A * , where E is given by (39) and the complex structure J is given as follows:
Proof. By Proposition 5.21, E is a perfect product structure on
By (56), we have 
which implies that
Thus, we have
By Proposition 7.7, we obtain that {J, E} is a perfect complex product structure on A c ⋉ L * A * .
Let (A, {·, ·, ·}) be a real 3-pre-Lie algebra. On the real 3-Lie algebra aff(A) = A c ⋉ L A, we consider two endomorphisms J and E given by J(x, y) = (−y, x), E(x, y) = (x, −y), ∀x, y ∈ A.
(59) Proposition 7.9. With the above notations, {J, E} is a perfect complex product structure on the 3-Lie algebra aff(A).
Proof. It is obvious that E is a perfect product structure on aff(A). Moreover, we have
By Proposition 7.7, {J, E} is a perfect complex product structure on the 3-Lie algebra aff(A).
Para-Kähler structures on 3-Lie algebras
In this section, we add a compatibility condition between a symplectic structure and a paracomplex structure on a 3-Lie algebra to introduce the notion of a para-Kähler structure on a 3-Lie algebra. A para-Kähler structure gives rise to a pseudo-Riemannian structure. We introduce the notion of a Livi-Civita product associated to a pseudo-Riemannian 3-Lie algebra and give its precise formulas using the decomposition of the original 3-Lie algebra. 
Similar as the case of para-Kähler Lie algebras, we have the following equivalent description of a para-Kähler 3-Lie algebra. Proof. Let (g, ω, E) be a para-Kähler 3-Lie algebra. Since E is a paracomplex structure on g, we have g = g + ⊕ g − , where g + and g − are 3-Lie subalgebras of g. For all x 1 , x 2 ∈ g + , by (60), we have
which implies that ω(g + , g + ) = 0. Thus, g + is isotropic. Similarly, g − is also isotropic.
Conversely, since g + and g − are subalgebras, g = g + ⊕ g − as vector spaces, there is a product structure E on g defined by (32) . Moreover, since g = g + ⊕ g − as vector spaces and both g + and g − are isotropic, we obtain that dim g + =dim g − . Thus, E is a paracomplex structure on g. For all x 1 , x 2 ∈ g + , α 1 , α 2 ∈ g − , since g + and g − are isotropic, we have
Thus, (g, ω, E) is a para-Kähler 3-Lie algebra. The proof is finished. (22) .
is a (perfect) paracomplex structure and (h ⊕ h * , ω, E) is a (perfect) para-Kähler 3-Lie algebra.
Let (g, ω, E) be a para-Kähler 3-Lie algebra. Then it is obvious that g − is isomorphic to g * + via the symplectic structure ω. Moreover, it is straightforward to deduce that Proposition 8.6. Any para-Kähler 3-Lie algebra is isomorphic to the para-Kähler 3-Lie algebra associated to a phase space of a 3-Lie algebra.
In the sequel, we study the Levi-Civita product associated to a perfect para-Kähler 3-Lie algebra. 
Proof. For all w ∈ g, it is obvious that
By the nondegeneracy of S, we obtain ∇ x,y z = −∇ y,x z. For all x, y, z, w ∈ g, we have
Add up the three equations, we have
,
Let (g, ω, E) be a perfect para-Kähler 3-Lie algebra. Define a bilinear form S on g by 
Proof. Since ω is skewsymmetric and ω(Ex, Ey) = −ω(x, y), we have
which implies that S is symmetric. Moreover, since ω is nondegenerate and E 2 = Id, it is obvious that S is nondegenerate. Thus, S is a pseudo-Riemannian metric on the 3-Lie algebra g. Moreover, we have
Thus, we have E∇ x,y z = ∇ Ex,Ey Ez.
The following two propositions clarifies the relationship between the Levi-Civita product and the 3-pre-Lie multiplication on a para-Kähler 3-Lie algebra. By (g + ) ⊥ = g + , we obtain ∇ x1,x2 x 3 ∈ g + . Similarly, for all α 1 , α 2 , α 3 ∈ g − , ∇ α1,α2 α 3 ∈ g − . Furthermore, for all x 1 , x 2 , x 3 ∈ g + , and α ∈ g − , we have 3ω(∇ x1,x2 x 3 , α) = 3S(∇ x1,x2 x 3 , Eα) = −3S(∇ x1,x2 x 3 , α) 
9 Pseudo-Kähler structures on 3-Lie algebras
In this section, we add a compatibility condition between a symplectic structure and a complex structure on a 3-Lie algebra to introduce the notion of a pseudo-Kähler structure on a 3-Lie algebra.
The relation between para-Kähler structures and pseudo-Kähler structures on a 3-Lie algebra is investigated. which implies that S is symmetric. Moreover, since ω is nondegenerate and J 2 = −Id, it is obvious that S is nondegenerate. Thus, S is a pseudo-Riemannian metric on the 3-Lie algebra g. 
Thus, S is positive definite. Therefore, {A c ⋉ L * A * , ω, −J} is a real Kähler 3-Lie algebra.
